Carbon nanotube is a special case of carbon nanohorns or carbon nanocones with zero apex angle. Research into carbon nanohorns started almost at the same time as the discovery of nanotubes in 1991. Most researchers focused on the investigation of nanotubes, and the exploration of nanohorns attracted little attention. To model the carbon nanohorns, we make use of a more reliable secondgeneration reactive empirical bond-order potential by Brenner and coworkers. We investigate the elastic moduli and conclude that these nanohorns are equally strong and require in-depth investigation. The values of Young's and Shear moduli decrease with apex angle.
Introduction
Since the discovery of carbon nanotubes (CNT) in the early 1990s [1] , there has been much research work in this field. In a series of reports, CNTs have been found to possess a low density but a high stiffness and a high strength, along with excellent electronic properties. The combination of structural perfection and these desirable properties makes CNTs a popular material for study, and they are expected to have a wide range of applications in electronics, batteries and supercapacitors, hydrogen storage, reinforcements in composites, nanosensors and probes, and electron emission. Research into nanomaterials has also revealed that carbon is a flexible material that can form a variety of structures. In addition to CNTs and fullerenes, it can exist in the form of carbon onions [2] , carbon boxes [3] , nanocapsules [4] , and carbon nanohorns (CNHs) or nanocones (CNCs) [5, 6] . CNTs, which have zero apex angles, can be treated as a special case of CNCs.
Research into CNCs started almost at the same time as the discovery of CNTs in 1991. The official report of the discovery of isolated CNCs was made in 1993, when Ge and Sattler [5] from the University of Hawaii reported their observations of carbon cones mixed together with tubules on a flat graphite surface. The products were generated by quenching hot carbon vapor on the substrate. Ge and Sattler also predicted that five apex angles, 19.2
• , 38.9
• , 60
• , 83.6
• , and 112.9
• , could be used to distinguish CNCs. However, only the angle of 19.2
• was found in the opening angles of their samples. The observed cones were up to 24 nm in length and 8 nm in base diameter.
At that time, most researchers focused on the investigation of CNTs, and the exploration of CNCs attracted little attention. The findings of Ge and Sattler were largely forgotten until Krishnan et al. [6] verified the existence of the five types of cones, which they generated by the prolysis of hydrocarbons in a carbon arc. These results indicated that the curvature of carbon structures is nearly always determined in the nucleation stage, and in their experiments they demonstrated that by, adding a pentagon, a CNC with a 19.2
• opening angle could grow into a CNT.
The construction of a single-walled CNC can be carried out using a similar strategy to that used to construct a CNT. First of all, the axial and transverse directions are determined by specifying the translational and chiral vectors on the graphene sheet. The graphene sheet is then rolled in the desired direction, and open edges are joined to get CNC. 
The aim of this strategy is to form a cone using the same procedure of rolling a sector of graphene sheet around the apex and joining the open sides. In rolling a plain sheet, any cone angle can be produced, but this is not so with graphene sheet in which the lattice points are arranged periodically and the honeycomb texture of the graphene has to be considered. For closing the two open sides, the structure should match at the joint line.
The apex angles of cones that are formed in this manner can also be given by 2 arcsin(1−n/6) or by 2 arcsin(1−θ/360), where n is the number of pentagons in the structure and θ is the disclination angle in degrees. Taking n from 1 to 5, the apex angles of closed cones are 19.2
• . In the case of an open-cone structure, a total of six pentagons result in a tube with zero apex angles.
There are different approaches to study the mechanical properties of CNTs. A good number of works have been devoted to determine the Young's modulus of CNTs, for example, using the empirical MD [7] [8] [9] [10] [11] , tight binding [12] [13] [14] or ab initio [15] [16] [17] , and atomistic-based finite-deformation shell theory for single-walled CNTs [18] . A shell theory for carbon nanotubes is based on the interatomic potential and atomic structure [19] . On the other hand, very little theoretical work has been undertaken on the structure of CNHs, and researchers are still struggling hard to establish universally accepted approaches to determine the structure and growth mechanism of CNHs. This work is an attempt to study structure and elastic moduli of CNHs using second-generation REBO potential [20] . Some of the parameters have been modified by us [21] to account for the bond length and cohesive energy for carbon systems. We report here the elastic moduli of carbon nanohorns.
Model Potential

Second-Generation Reactive Empirical Bond-Order Potential.
The energy of the system is a sum of the energy on each C-C bond composed of a repulsive part and attractive part [20] . In this work, we have used an improved "second-generation" form of potential, and the details of this potential energy expression are given below
Expressions (1) and (2) are used for repulsive and attractive pair terms, respectively. The subscript n refers to the sum in (2), and r is the scalar distance between atoms. The screened Coulomb function used for the repulsive pair interaction goes to infinity as interatomic distances approach zero. The function f c (r) limits the range of the covalent interactions and assumes a value of one for f c (r) for nearest neighbors and zero for interatomic distances more than 2.1, and value around R is given as
To reproduce the bond length and cohesive energy, we modify some of the parameters of second-generation potential by Brenner and coworkers. The original parameters yield to the minima at 1.32Å for carbon-carbon bond, but modified parameters give the minima at 1.42Å. These modified parameters are used to study the carbon nanostructures (see Table 1 ).
Computational Method
The CNT can be seen as a special case of a CNH with zero conical angle. The configurations of several single-walled CNHs and CNT with the same height and top radius but different bottom radii or, alternatively, different conical angles are represented in Figure 1 . The six computational cases demonstrate the gradual changes in the apex angle from 112.9
• to 0 • , which corresponds to the disclination angle from 60
• to 360
• on the graphene sheet. The dimensions of the CNHs are carefully chosen to allow comparison with the (10,10) CNT (L/D = 9.0) [21] .
The coordinates of carbon atoms are generated for the carbon horns, and using the potential by Brenner and coworkers, the energy of the system is calculated. The system is then relaxed to get a minimum energy configuration. For obtaining elastic moduli, we apply stress or twist to the system and get the second derivative of energy, which in turn is used to calculate the moduli as described in next section. The nanohorns have a variable radius along the height so the stress distribution in them is not uniform but varies according to height.
When the CNH is in equilibrium, the top level should have the largest stress and the bottom level the smallest, and therefore the conventional stress-strain curves are not applicable. Simulation in CNHs is carried out by applying axial tensions at the top (smallest radius) end of the open CNH, while at the same time keeping the other end fixed. Throughout the whole process, neither end of CNH is subjected to interatomic forces. As a result, top atoms move outwards along the axis and the inner atoms are relaxed while the end atoms are fixed. The whole CNH structure is therefore stretched in small steps. Young's Modulus of single shell carbon nanohorns varies directly proportional to cos 4 θ of an equivalent single-wall carbon nanotube.
Young's Modulus
The Young's modulus (Y ) of the cone-shaped nanostructure can be determined by the second derivative of strain energy w.r.t. axial strain
where V is the overall volume of the cone shell
The thickness of wall is taken as t = 3.4Å. Figures 2-4 depict the variation of Young's modulus with top radius for three types of cones with apex angle of 19.2
• , and 60
• . The young's modulus, which is often used to measure the strength of materials, is found to decrease with the increase in apex angle. 
Poisson Ratio
For a single-shell nanohorn under a stress along the cone axis, coordinates are defined such that X and Y are along the radial directions and Z is along the cone axis, with the corresponding strains as ε x , ε y , and ε z . As C-C bonds on the tilted graphene plane take the actual load, the axial strain, the length of the cone, and its change along the graphene plane are introduced as ε z,|| , L || , and δL || , respectively, as shown in Figure 5 . Geometric considerations show that 2 , where γ = −ε x,y /ε z is the Poisson ratio and δL is the change of length L along the Z axis. The relation between ε and ε || thus can be expressed as
Omitting the higher-order terms in ε, a corresponding relation for the Poisson ratio along the graphene plane can be expressed as
, where ε r is the strain in the radial direction. By neglecting the higher-order terms in γ, the Poisson ratio is further written as
As the strain energy E = (1/2)kε 2 can be equivalently expressed as a function of ε z or ε z,|| , the corresponding relation for the force constant k and its counterpart k || in the graphene plane can be written as
The Young's modulus of a single-shell nanocone is thus expressed as, where Y SWNT is Young's modulus of CNTs and the wall thickness of the cone and the CNT is assumed the same as h 0 .
For a wide-angle nanocone of θ = 30
, and L ∼ 20Å, axial strains of up to 5% were applied. Neglecting the radii change due to the Poisson ratio effect, the force constant for the nanocone is found to be 25.70 eV/atom. Similarly, using REBO, it was found to be 45.70 eV/atom on straight CNTs, and the value does not depend strongly on the radius and chirailty for r > 3.5Å. Using these force constants in the relation Y cone ≈ Y SWNT cos 4 θ (with γ = 0) in (8), a value of θ = 30.01
• is obtained, which is in excellent agreement with θ = 30
• from the geometry shown in Figure 5 . Similarly, the MD-simulated γ ≈ 0.25 for the nanocone is in excellent agreement with γ ≈ 0.23 as predicted by (6) for γ || ≈ 0.30 simulated for large diameter CNTs. Thus, our results validate (7) and [8] for the single-shell nanohorns.
Shear Modulus
A lateral force, in the form of a twist, is applied to the cone of a given top radius and height, keeping one of its ends fixed. The total torsion that has to be given to the cone has been distributed equally along the whole length of the cone and again coordinates of the cone in minimum energy configuration are obtained.
Based on the theory of elasticity, shear modulus at the macroscopic scale is given by
where T, l o , θ, and J(t) stand for the torque acting at the end of the CNH, the length of the cone, the total torsion angle that is applied to the cone, and the cross-sectional polar moment of inertia of the nanocone, respectively,
The shear modulus for three different cones is shown in Figures 6-8 . The trends are the same as for Young's modulus.
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Discussion and Conclusion
For the carbon nano cones, the value of Young's modulus lies in the range of 0.24 Tpa to 0.73 Tpa, and the Shear modulus varies from 0.10 Tpa to 0.29 Tpa as the top radius is decreased. Both moduli decrease with the increase in the radius or height of CNCs. For a fixed height to top radius ratio, the moduli are found to reach their limit once the top radius approaches certain level. For CNTs, the value of Young's modulus is around 1TPa, and the Shear modulus is of the order of 300 GPa [22] . The value of Poisson's ratio for nanohorns is 0.23, and for CNTs, the value is around 0.15 [22] . We have tried to understand these structures using model potential by Brenner and coworkers and conclude that nanohorns are equally strong in comparison to carbon nanotubes. These must be explored experimentally as well as theoretically for their potential applications.
